0327 Tutorial

Ezample (1). Assume that o and 7 are linear maps on an n-dimensional linear space V', and that c* = 7
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where ¢ is the identity transformation. Prove that:
PJ; Im(or — 70) = Im(c + 7) N Im(c — 7).
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Ezample (2). Assume that A, B : V — V are linear maps, where A is invertible, B is nilpotent (i.e., B¥ =0
for some k € Z~g), and AB = BA. Prove that ker(4 — B) = 0.
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Ezample (3). Assume that o is a linear map on a linear space V, and that 02 = o. Let V; := o(V) and
Vo = 0_1!0!. Prove that V = V; & V; and that for any a € V1, o(a) = a.
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Ezample (5). ¢ is a linear map on an n-dimensional linear space V. Prove that the following claims are

equivalent:
b (1) V =kerop ® Imy; (2)  keryNImp = {0};
(3)  kerp = ker p?; (4) Tmep = Ime?.
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Ezample (6). Assume that V is A/ﬁnite dimensional linear space over a number field F. Let A and B be two
linear maps on V such that A> = B? = 0 and AB + BA = I, where I is the identity map. Prove that

(1) ker A = A(ker R), ker B = B(ker A), V = ker A @ ker B.
(2) dimV is even.
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zample (7). Assume ¢ is a linear map on an n-dimensional linear space V. Prove that there exists a natrual
uEnber r such that:

(1) kery” =kere"™!; (2) for any natrual number s, ker ¢" = ker " **.
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