
0327 Tutorial

Example (1). Assume that ω and ε are linear maps on an n-dimensional linear space V , and that ω2 = ε2 = ϑ,
where ϑ is the identity transformation. Prove that:

Im(ωε → εω) = Im(ω + ε) ↑ Im(ω → ε).
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Example (2). Assume that A, B : V ↓ V are linear maps, where A is invertible, B is nilpotent (i.e., Bk = 0
for some k ↔ Z>0), and AB = BA. Prove that ker(A→B) = 0.
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Example (3). Assume that ω is a linear map on a linear space V , and that ω2 = ω. Let V1 := ω(V ) and
V2 := ω→1(0). Prove that V = V1 ↗ V2 and that for any ϖ ↔ V1, ω(ϖ) = ϖ.
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Example (5). ϱ is a linear map on an n-dimensional linear space V . Prove that the following claims are
equivalent:

(1) V = kerϱ↗ Imϱ; (2) kerϱ ↑ Imϱ = {0};
(3) kerϱ = kerϱ2; (4) Imϱ = Imϱ2.
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Example (6). Assume that V is a finite dimensional linear space over a number field F. Let A and B be two
linear maps on V such that A2 = B2 = 0 and AB +BA = I, where I is the identity map. Prove that

(1) kerA = A(kerA), kerB = B(kerA), V = kerA↗ kerB.

(2) dimV is even.
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Example (7). Assume ϱ is a linear map on an n-dimensional linear space V . Prove that there exists a natrual
number r such that:

(1) kerϱr = kerϱr+1; (2) for any natrual number s, kerϱr = kerϱr+s.

7

Rf
1 Clearly

Kery e hery kerqkekerqk.ie

and so
dimkery dimherq dimhery
However for ie2

dimkery n hasfinitelength
Heretheremustexist re It s.t

dimKerp dimker4
2 Proveby

mathematical induction

Basecase 5 1 True followsfromclaim I

Inductionstep
WTS Kerp Kery

s Kery keryrts

Induction Hypothesis Key Kerq
s t

Wenotethat hery heryrs straightforward

It isenoughtoshowthat
Kery kergrts

Todothis takean arbitrary αekeryrs
grtsα past q2

that is 92 e Ker4 heryr

here 0 f p2 9
1α

α ker4
I Kery frombasecase


